In this paper, we prove the Poincaré inequality and the integration by parts formula for the invariant measure of the linear SPDE driven by Lévy Noise. The equation was researched in Dong and Xie [5] , which has proved the existence and uniqueness of the weak solution and the ergodicity of the Markov semigroup associated with the solution.
Introduction
The article is concerned with a linear PDE with a random perturbation of Lévy noise. The aim is to prove the Poincaré inequality and the integration by parts formula for the invariant measure with the solution of the equation. The equation was researched in [5] . We have proved the existence and uniqueness of the weak solution and the ergodicity of the Markov semigroup associated with the solution. We mainly use the method as [3] to prove our results in this paper.
Let H be a Hilbert space with the scalar product ·, · and the norm | · |. Let the self-adjoint operator A : D(A) ⊂ H → H be the infinitesimal generator of strongly continuous semigroup e −t A and it satisfies For any δ > 0, we can introduce the fractional power A δ of A defined by
where Γ (·) is the Euler function. We have Range (e −t A ) ⊂ D(A) for t > 0. Set V = D(A 1/2 ). Let V * be the dual space of V and identify H with its dual H * , then one has the Gelfand triple V ⊂ H ⊂ V * . In this article, we suppose The injection from V to H is compact.
Let (Ω , F , P) be a complete probability space equipped with the filtration {F t , t ≥ 0}, N (ds, du) be the Poisson measure with σ -finite characteristic measure λ(du) on measurable set U . N (ds, du) = N (ds, du) − λ(du)ds is martingale measure. W is a cylindrical Wiener process defined on (Ω , F , F t , P). Suppose that W and N (dt, du) are independent. We will consider the following stochastic partial differential equation with jumps
where B is a continuous bounded linear operator on H.
In the past years, the SPDEs with white noise perturbation were an active research field, which accumulated a lot of works, e.g. [3, 4, [9] [10] [11] and references therein. In the recent years there were a number of very interesting results on SPDEs driven by Lévy noise, e.g. [1, 2, 6, 5, 7] and references therein. For the integration by parts formula, Da Prato researched this problem with respect to the invariant measure for SPDE driven by Wiener Noise in [3] , Hariya proved this formula for Wiener measures restricted to subsets in R d in [8] . We shall study this problem for SPDE driven by Lévy Noise.
The paper consists of three sections. In Section 1, we give some definitions, hypotheses and results which were proved in [5] . In Section 2, we research the transition semigroup in L p (H, µ), where µ is the unique invariant measure of the solution of (1.2). We obtain the integration by parts formula with µ in Section 3. Finally, the Poincaré inequality is proved. Definition 1.1. An H-valued càdlàg process X is called the weak solution of (1.2), if for T ≥ 0, X ∈ L ∞ (0, T ; H) and for ξ ∈ D(A),
Now, we introduce some hypotheses for the function f , which are needed in the following. Let U k be a measurable subset of U with U k ↑ U and λ(U k ) < ∞.
Suppose that the measurable function f (·, ·) : H × U → H satisfies for some positive constants C, K
In [5] , we have proved the following results:
Theorem 1.2. Suppose that the conditions (H 1 )-(H 4 ) hold, the function f (x, z) is differentiable with respect to x, then the Markov semigroup associated with the solution X of (1.2) has strong Feller property and irreducibility.
Remark 1.1. Theorem 1.2 shows that there exists a unique invariant measure denoted by µ for the transition semigroup (P t ) t≥0 associated with the solution process X of (1.2).
The transition semigroup in L p (H, µ)
In this section, we shall give some energy inequalities, which can be proved by using the Galerkin approximation. Since the method in infinite dimension is the same as the case in finite dimension, we prove them in infinite dimension case directly.
Proposition 2.1. Suppose that the conditions (H 1 )-(H 4 ) hold, the function f (x, z) is differentiable with respect to x. Then for any p > 1, (P t ) t≥0 has a unique extension to a strongly continuous semigroup of contractions in L p (H, µ) (which is still denoted by (P t ) t≥0 ).
Integrating this inequality with respect to µ over H, and taking into account the invariance of µ yield
and the dominated convergence theorem imply the strong continuity of (P t ) t≥0 .
For any p ≥ 1, we shall use L p to denote the infinitesimal generator of P t in L p (H, µ) and D(L p ) to denote its domain. The definition of the infinitesimal generator yields
Hence, for h ∈ D(A) and x ∈ H,
where Q = B B * . Put
It is easy to see that E A (H) is stable for P t and it is dense in L p (H, µ) for all p ≥ 1. We shall prove that L 2 is the closure of the Kolmogorov operator L 0 defined by
For the follow proof, we need the hypothesis (H 5 ) below: (H 5 ) Suppose that the function f (x, u) is second order differentiable with respect to the first variable x and
Let S be any Banach space and ϕ : D(A) → S. For any x, h ∈ H, we set
provided the limit exists. Successive derivatives are defined in a natural way. For ϕ ∈ C 1 (H) we have
where η h t (x) = D X t (x) · h is the solution of the equation:
Multiply scalarly the Eq. (2.3) by η h t (x), we have
The Davis inequality and the Young inequality imply, for every T > 0,
, where ε ∈ (0, 1). Hence, we have
The Gronwall inequality implies
This yields
The Itô formula and (2.4) give
This shows
By the Gronwall inequality we have
For h, k ∈ H, we can prove that the equation
has a unique weak solution, where ζ h,k t (x) = D 2 X t (x)(h, k). In fact, the Itô formula yields
This and (2.6) show
Hence, we have the inequality
This gives
Theorem 2.1. Suppose that the conditions (H 1 )-(H 5 ) hold and K < λ. Then L 0 is closable and L 2 is the closure of L 0 in L 2 (H, µ).
Proof. Let X be the global weak solution of (1.2). The Itô formula implies
that is,
Hence, for any θ > 0,
Let t → ∞, the ergodicity of the solution X implies
Put θ → 0, by the Fatou lemma we have
For h ∈ D(A) and x ∈ H, there is some constant α > 0 such that
For any ϕ ∈ E A (H), (2.1) yields that
let t → 0, (2.1), (2.8), (2.9) and the dominated convergence theorem imply that
Therefore, L 2 extends L 0 . By the Phillips-Lumer theorem we have that L 2 is dissipative, so is L 0 . Hence, L 0 is closable. Let us use L 0 denote its closure. In the following, we shall prove that
we are going to show that ϕ belongs to the range of γ − L 0 . (a) Suppose that the function f (x, u) is third order differentiable with respect to the first variable x and satisfies (H 5 ). By (2.5) and (2.7), there exists a constant C 0 > 0 such that, for γ >
10)
where M is a martingale, we have
that is, L 0 ϕ = γ ϕ − ψ. This shows
where L is the infinitesimal generator of the semigroup defined by R t ϕ(x) = E(ϕ(Z t (x))) and
From the above proof, we have that ϕ satisfies the conditions of Proposition 2.68 of [3] . Hence, there exists a three-index sequence {ϕ kmn , k, m, n ≥ 1} ⊂ E A (H) such that, for any x ∈ H, By the dominated convergence theorem and (2.12) we have
(b) Suppose that S : D(S) ⊂ H → H is a given self-adjoint negative definite operator such that S −1 is of trace class, I is the identity operator on H and the measure N Q is defined on the product space R ∞ as follows:
Let us introduce a regularization of f (x, u) with respect to the variable x:
is Lipschitz continuous of class C ∞ with respect to the first variable x and
by the conditions (H 1 ), (H 2 ) and (H 5 ). For the equation
14)
the conditions (H 2 ) and (H 5 ) yield
for some constant C 1 > 0, where δ ∈ (0, 1).
(2.5), (2.14), (2.15) and the dominated convergence theorem imply that, in L 2 (H, µ), for ϕ ∈ E A (H). Now, let ϕ ∈ D(L 2 ). Since E A (H) is a core for L 2 , there exists a sequence {ϕ n } n≥1 ⊂ E A (H) such that
Hence, by (3.2) it follows that = H (P t ϕ n (x)) 2 µ(dx) + Since Q 1 2 is a bounded operator, the dominated convergence theorem yields
